Jgoogd

Jooon . Given functions f, ¢;, ¢ = 1,...,k, and h;, 1 = 1,...,m, defined on a
domain () C R", optimization problem is formalized as follows:

minimize f(w), w € () objective function
subject to ¢g;(w) <0, i=1,...,k
hi(w)=0, i=1,...,m equality constraints
: A real-valued function f is called if, Vw,u € R", and for any 6 € (0, 1),

fl0w+ (1= 0)u) <O0f(w)+(1—0)f(u)
0000000 : A necessary condition for w* to be a minimum of a function f(w)

of (w")
ow

This condition, together with convexity of f, is also sufficient.

1S

= 0.
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Lagrange [

Lagrange [J : Given an optimization problem with objective function f(w), and
equality constraints h;(w) =0, i = 1,...,m, we define the Lagrangian function as

Lw, 8) = f(w) + g:l Bihi(w)

where the coefficients (3, are called the Lagrange multipliers.

Lagrange [1[J [ : A necessary condition for a point w* to be a minimum of f(w)
subject to h;(w)=0,i=1,...,m, is

oLw . B)
ow B
oLw B
00 B

for some values 3*. The above conditions are also sufficient provided that
L(w, 3") is a convex function of w.
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Karush-Kuhn-Tucker []

: (ziven an optimization problem with domain ) C R",

minimize f(w), w € () objective function
subject to ¢g;(w) <0, i=1,...,k
hi(w) =0, i=1,...,m equality constraints
we define the as

Lw,a,8) = flw)+ ZZ: a;gi(w) + él Bihi(w)
= f(w) + a'g(w) + 8" h(w)

Karush-Kuhn-Tucker [J [ []: Sufficient conditions for a point w* to be an optimum
are the existence of a*, 3" such that

OL(w*, a*,B8%)

=0
Ow ’
OL(w*, a*,3") 0
19)6; -
a gi(w) =0, i=1,... k,
g(w*) <0, 1=1,...,k,
o >0, i=1,...,k
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Karush-Kuhn-Tucker 0O (O 0O)

001
maximize x +y

subject to 22+ 3> <1, x>0,

00 2
maximize (v —1)*+ (y— 1)
subject to x+2y <1, x>0,
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Karush-Kuhn-Tucker 00 (OO 1)

Ol

oogon

Ooon
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maximize x +y

subject to 2?+ y? < 1,

= —z—y
w2+ —1
—x
—Y

—x —y+a (2 +y*— 1) — ar — azy

8

8

x>0,

y>0

(000O0000000)
(0000000 1)
(0000000 2)
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Karush-Kuhn-Tucker 0 (00 10000)

ooooooot

oL(w*, a*, 3" —1 2x —1 0
o = PR B[ [ 2] e [ [ 4] )
0 = ay(z® +y*— 1) (2)
0 = as(—2) (3)
0 = as(—y) (4)
a; > 0 (5)

Joogg

l.x >0,y >0000: (3), W0 w=0a3=0001)0000 2a0qx = 20y = 1000
Oz =y=1/200000((2)000002% =10 >0000000 oy = 1/v2,2 =
1/v2,y=1//20000

2.z=0000: 01000a=—1000000
J.y=0000: 010003 =—-1000000

00000000000 (z,y) = (1/v2,1/v/2)0

002000000000000 (z,y) = (0,0)0
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gooogod

e Functional margin: v =y({w,x) + b)
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Joooubood

e Scale w and b so that: y;((w,x;) +b) >1 Wi

e Support vectors: =+

e Geometric margin: d
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(w,z") +b=1,

(w,z”) +b=—1



000000000 (Primal form)

(1 [1: Given a linearly separable training sample

S = ((wlv y1)7 SR (wfa yﬁ))
the hyperplane (w,b) that solves the optimization problem

minimize,,, 4, (w, w)

subject to  y;,((w,x;)+0)>1, for i=1,...,¢
realizes the maximal margin hyperplane with v =1/]|w||.

e Lagrangian
1 1
i—1

where «; > 0 are Lagrange multipliers.
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000000000 (Primal form to Dual form)

e Imposing stationarity condition, we have

I ¢
OLw,b,a) = w— > yax; =0,
ow i=1
OL(w, b, a) 0
= ia; = 0.
0b z’gy “
e Lagrangian
1
L(w7 b7 Oé) = 2<w7w> — 2 aZ[y2(<w7 $Z> + b) o 1]
i=1
( ( ( (
— 2<w7 ;yzazwz> + ;az — ; alyz(<w7 wz>) —b ;O{zyz
( 1 i
— Z oG — *<w7 Z yz@zwz>
1=1 2 1=1

e Note that the Lagrangian does not depend on b nor w.

e From duality of KKT Lemma, the minimization of the Lagrangian with w should
be considered as the maximization of the Lagrangian with o
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000000000 (Dual form)

(1 [1: Given a linearly separable training sample

S = ((wlv yl)? Tt (wfa yﬁ))

and suppose the parameters o* solve the following quadratic optimization problem:
0
maximize W(a) = Z — = X Yiyjio(xg, ;)
j=1 1

0
subject to > y,a; =0,
i=1
o, >0 for 1=1,....¢

0
Then the weight vector w = } y;a;x; realizes the maximal margin hyperplane with

1=
geometric margin v = 1/||w*||.
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Jooodoogog

1. Support Vectors:

x~ = arg max ((w*, x;)), =" =arg ma}f((w*, x;)),

yi=—1 Yi=

(w, ™) +b" =1, (w,z7)+b" =-1

2. The value of b

b= L (s, )+ i )

3. Karush-Kuhn-Tucker conditions state that the optimal solutions a*, (w*, b*) must
satisfy
o ly;((w*, x;) + b°) — 1] = 0.
Only for support vectors (inputs x; for which the functional margin is one
(y;((w*, x;) +b*) = 1)), the corresponding « are non-zero. All the other parame-
ters «o; are zero.

4. The optimal hyperplane can be expressed in terms of support vectors

¢
flz, o, b") =X yiaj{xi,x) + 0" = Y yiai{xi, x) + b
i=1 €SV

Points that are not support vectors have no influence.
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5. Another important consequence of the Karush-Kuhn-Tucker complementarity
condition is that for j € sv,

and therefore

ine-’
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yjf<wj:a*ab*) =Yy ( > yﬂi(%’,wﬁ + b*) =1,

<

1€SV

4

’UJ*,’U)*> = 'Zlyiyjoz;‘ozﬂwi,wﬁ

4=

= > oy >y (T, x;)
JESV 1€SV

* *

= > a;(l—yb")
JESV
1€ESV

1/2
=1/ = % o)
1€ESV
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